We consider two systems A and B that share Einstein-Podolsky-Rosen (EPR) steering correlations and study how these correlations will decay, when each of the systems are independently coupled to a reservoir. EPR steering is a directional form of entanglement, and the measure of steering can change depending on whether the system A is steered by B, or vice versa. First, we examine the decay of the steering correlations of the two-mode squeezed state. We find that if the system B is coupled to a reservoir, then the decoherence of the steering of A by B is particularly marked, to the extent that there is a sudden death of steering after a finite time. We find a different directional effect, if the reservoirs are thermally excited. Second, we study the decoherence of the steering of a Schrodinger cat state, modelled as the entangled state of a spin and harmonic oscillator, when the macroscopic system (the cat) is coupled to a reservoir.
I. INTRODUCTION
The sort of nonlocality we call "Einstein-PodolskyRosen-steering" [1] [2] [3] [4] [5] [6] originated in 1935 with the Einstein-Podolsky-Rosen (EPR) paradox [7] . The EPR paradox is the argument that was put forward by Einstein, Podolsky and Rosen for the incompleteness of quantum mechanics. The argument was based on premises (sometimes called Local Realism or in Einstein's language, no "spooky action-at-a-distance") that were not restricted to classical mechanics, but were thought essential to any physical theory [8] . The EPR argument reveals the inconsistency between Local Realism and the completeness of quantum mechanics. It does not in itself rule out all completions of quantum mechanics, that are compatible with local realism. Nowadays, after the work of Bell, we realise this ruling out of all local realistic theories can be done in some special experimental situations [9] [10] [11] [12] . Any realisation of the EPR paradox [13] [14] [15] , as a special case of EPR steering, is nonetheless important in giving a concrete intermediate result: the fact that quantum mechanics without completion cannot be consistent with local realism. A great advantage of EPR-steering over Bell-type tests is that they are more accessible to mesoscopic or macroscopic systems. EPR steering tests have been quantitatively studied or proposed for optical down conversion [14] [15] [16] [17] , optical systems in nonlinear regimes near or at critical points [18] , atomic gas ensembles at room temperature [19] [20] [21] , Bose-Einstein condensates (BEC) [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] , and opto-mechanics [32] [33] [34] [35] . This may lead to experimental tests of Schrodinger cat-type states.
The EPR paradox manifests as a strong correlation between the positions and momenta of two spatially separated particles (or some equivalent correlations). These correlations, once one assumes Local Realism, become inconsistent with the uncertainty principle. Given the strangeness of the EPR correlations, a likely hypothesis would be that they do not exist in real physical systems. Indeed, the sort of correlations needed for EPR are not easily realisable in experiment. To date, only a few Figure 1 . Our question is this: We consider two well-separated systems, A and B, that possess the type of quantum correlation we call EPR-steering. Each system is independently coupled to a thermal reservoir, at a time t = 0. This coupling induces a decay of the EPR-steering. We ask how does the decay of the steering depend on: the coupling γa, γ b to each reservoir; the thermal excitation na, n b of each reservoir; and the measure that gives the strength of the EPR-steering. We will consider two types of EPR systems: The first is a twomode squeezed state. The second is a mesoscopic/ macroscopic entangled "Schrodinger cat" state.
experiments can justify the claim of loophole-free EPR correlations [36] , or steering without detection efficiency loopholes [14, 15, 37, 38] . This paper examines why this is so: There are two possibilities.
(1) It could be that quantum mechanics needs modification to the extent that EPR correlations cannot be predicted. If we accept irrefutable evidence now exists for EPR correlations, then this probability would appear falsified. However, we comment that the experimental realisations for EPR steering have been for optical systems, not yet for atoms or mesoscopic devices.
(2) Or else: a popular belief is that quantum mechanics is correct as it is, and predicts exactly why, to a great accuracy, the EPR correlations are extraordinarily difficult to measure. In that case, these predictions need to be evaluated and verified by experiment.
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This last point is what we examine in this paper: We study in detail why, according to quantum predictions, the EPR correlations are not easily realisable. As with the well known "Schrodinger cat" [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] , we expect this is so, because of the effect that occurs when a quantum system is coupled to its environment, modelled as a large system -a reservoir [49] . This effect is called "decoherence".
Here, we examine some different sorts of decoherence that occur for EPR steering. As with the decay of entanglement, there are many cases one can study. It is worth noting that EPR steering was realised using high efficiency detection for optical amplitudes [14, 15] , and has also been unambiguously detected in photonic scenarios with exceptional losses (∼ 87%) [38] . Tests have also begun for its genuine multipartite form, distributed among different locations [50] [51] [52] [53] .
In this paper, we restrict our investigation to the following cases: We study position-momentum measurements or their optical equivalent, quadrature phase amplitude measurements. First, we analyze the steering of a two-mode squeezed state, to understand the decoherence effects of coupling to a thermal reservoir. We examine two properties of the decoherence: the effect of simple losses (damping); and the effect of thermal noise. Second, we consider a special case of EPR-steering, that relates to a macroscopic/mesoscopic superposition state -a "Schrodinger cat" state. In fact, the EPR-steering paradox can be used to signify the Schrodinger cat superposition [54] . We examine the effect of decoherence as caused by interaction with the environment, on this signature.
An interesting new feature evident for EPR-steering is that the nonlocality can manifest asymmetrically with respect to the observers [55] [56] [57] [58] [59] [60] . In our results, we focus on the asymmetry of the decoherence effects on the EPRsteering. This is valuable to understand, not only from the fundamental perspective of testing quantum mechanics, but from the point of view of the potential applications of EPR-steering, which include cryptography [61] [62] [63] [64] [65] [66] and no-cloning teleportation [65] . One-sided deviceindependent cryptography has been proposed using EPR steering inequalities [64] . In recent papers, it was shown how the asymmetric effects of loss on EPR-steering could affect the optimal location of teleportation stations [67] , or which entanglement criterion should be used to faithfully verify entanglement in cases of untrusted devices [64] [65] [66] [67] [68] .
II. DECOHERENCE OF STEERING FOR THE TWO-MODE SQUEEZED STATE
Consider two quantum harmonic oscillators, with boson operators a and b, and depicted in the Figure 1 as systems A and B. Such oscillators can be coupled, so that EPR-steering correlations are induced between the two oscillators.
One of the nicest examples of such EPR steering has been realised experimentally in optics [15] as the twomode squeezed state [69] . Here, each mode of the light field is modeled as a quantum harmonic oscillator. An example of a coupling between the oscillators that generates this type of state is called parametric down conversion, and can be described by the interaction Hamiltonian in an appropriate rotating frame [16] 
Similar two-mode squeezed states can be generated by impinging two single-mode squeezed states into the two different input ports of an optical beam splitter [70] . The two-mode squeezed state system is fundamentally interesting, as it can be quite accurately realised in optics, but also it gives a reasonable approximation to the effects we expect to see in many other physical realisations of steering, such as in opto-mechanics [32, 34, 35] , atomic ensembles [19] [20] [21] , and BEC [22] [23] [24] [25] [26] [27] [28] [29] [30] . The study of the effect of the thermal environment on the EPR steering for a two-mode squeezed state will therefore give us insight into a broad set of physical scenarios. The twomode quantum correlation effects were noticed originally in the context of photon number correlations between the two beams, which gives rise to noise reduction [71, 72] .
A. The two-mode squeezing Hamiltonian
We begin by reviewing the solution for the EPR correlations given by the Hamiltonian of Eq. (1). The EPR solutions were originally derived in [16] . We define the quadrature phase amplitudes X A , P A , X B and P B for each mode:
This choice of scaling for the amplitudes will imply the Heisenberg uncertainty relations ∆X A ∆P A ≥ 1 and ∆X B ∆P B ≥ 1. We note that depending on the physical system modelled by the Hamiltonian, the amplitudes can also correspond to scaled position and momentum observables. We now ask what correlations are generated between the quadrature amplitudes, after an interaction time τ between the two modes, at sites denoted by A and B.
On examining (1), the resulting coupled equations for a and b can be readily solved, to give
where η = cosh r. We define the squeezing parameter as r = Ek τ . The quadrature phase amplitudes are given by
This enables us to calculate correlations such as X 2 A , X A X B after a time τ , assuming initial uncorrelated vacuum states for all modes. We can then evaluate the variance of X A − g x X B , which will be denoted ∆ 2 (X A − g x X B ) and which equals (X A − g x X B ) 2 when we assume vacuum inputs at τ = 0. We have introduced constants g x , which can be chosen to minimise the variance relative to the Heisenberg quantum noise level of the amplitudes X A and P A . We find this value of g x by standard procedures [15, 16] :
For the system described by the Hamiltonian of Eq. (1), we find the optimal value is g x = − tanh 2r. The optimal variance is given by:
which for the parametric system (1) becomes
Similarly we evaluate the variance of P A + g p P B , which we will denote as
The variance minimizes when
This optimal value of g p for system (1) is g p = − tanh 2r. The optimal variance is given by
which becomes ∆ 2 (P A + g p P B ) = 1 cosh 2r for Eq. (1).
B. EPR steering correlations
The criterion for the EPR paradox introduced in [16] is also a criterion for EPR steering [3] [4] [5] . This EPR steering criterion is defined as the square root of the variance product:
We observe EPR steering (of system A by B) whenever
The ideal correlations created by the parametric down conversion Hamiltonian interaction (1) are obtained in the limit of r → ∞ and correspond to the EPR variances becoming zero, and hence EP R → 0. The EPR steering condition (8) by its very definition will negate all local hidden state (LHS) models of the type [3, 4] 
These LHS models are similar to the local hidden variable models introduced by Bell [9, 10] . Here λ represents hidden variable parameters and P (λ) is the probability distribution for these parameters. The P (λ) is independent of the choice of measurement (θ and φ), which is made after the generation and separation of the subsystems A and B. In this model, the X θ A λ is the average value for the result X θ A , given the hidden variable state specified by λ. The X φ B λ is defined similarly. For the LHS model however, there is the additional asymmetrical constraint that the local hidden variable moments (such as X θ A λ ) for system A be consistent with measurements of some local observables (for example position and momentum) at A, and is thus able to be described as arising from a local quantum density operator ρ λ A . We can define the minimum value of EP R after optimising g x and g p as: EP R A|B = min{EP R A|B (g x , g p )}. Thus, for the Hamiltonian of Eq. (1):
as derived originally in [16] . Ideal EPR correlations are obtained as r → ∞, in which case EP R A|B → 0, and we say the "steering is perfect".
C. Reservoir coupling
We now examine the effect on EPR steering if the systems A and B are independently coupled to heat bath reservoirs ( Figure 1 ). We assume that the parametric interaction H given by (1) that generates a two-mode squeezed state is turned off at the time t = 0, and the system left to decay. The two-mode squeezed state is a so-called Gaussian state, meaning that its characteristic function is Gaussian [73] . Within the constraint of twomode Gaussian states and measurements, the condition (8) will provide a necessary and sufficient test of steering [3, 4] . This makes the criterion valuable, for understanding the effects of decoherence in Gaussian systems.
Thus, we consider a system prepared in a two-mode squeezed state at time t = 0. In principle, the modes a and b can be spatially separated. We consider the coupling of each mode a and b to independent heat baths (reservoirs) with thermal occupation numbers n a and n b respectively. The solutions after coupling to the reservoir are straightforward to evaluate using the operator Langevin equations that describe the evolution of the mode operators [74, 75] :
Here γ a and γ b describe the decay rates (losses) that are induced by the reservoirs. The quantum reservoir operators Γ(t) have nonzero correlations given by
where the numbers n a and n b give the level of thermal occupation of the reservoirs. Solutions are
From this, we can calculate the moments at a later time, in terms of the initial moments:
The solution for b † (t)b(t) is obtained from that for a † (t)a(t) , but exchanging the letters a with b. The initial moments are given by the solutions found in Section II.A. The final moments after reservoir coupling are
The covariance matrix V is defined as:
Hence we find
where
Applying the results of the Section II.A, we calculate that . A sudden-death type of decoherence is noted when it is the system "doing the steering" that is is coupled to the reservoir. The steering signatures EP R A|B and EP R B|A are plotted versus t = γ b t, for various values of squeeze parameter r. EPR steering is obtained for the Gaussian system iff EP R < 1 and the strongest steering is when EP R → 0. Left graph: Reservoir coupling to system B only (γa = 0). Solid lines correspond to EP R A|B while dashed lines correspond to EP R B|A . Curves are (bottom to top on the far left) r = 2 (black), r = 1 (red), r = 0.5 (blue). Right graph: Plots of EP R A|B for symmetric coupling to the reservoirs: γa = γ b . In this case, EP R A|B = EP R B|A .
D. Decoherence of EPR steering with no thermal noise
We first assume negligible thermal noises: we put n a = n b = 0 in the solution given by Eq. (17) . The decoherence effect on the system by the reservoirs manifests as losses, parametrised by γ a and γ b . We will study the effect on the steering parameters, showing the effect of loss to be asymmetrical with respect to the two systems A and B.
Damping the steering system: Steering sudden-death
Let us suppose that the reservoirs are coupled asymmetrically, so that γ a → 0 i.e. only the mode b is coupled to a reservoir. In this case, we find for the steering of A (mode a)
The plots of Figure 2 (left graph) indicate that where the losses are entirely on the steering mode B, the decoherence of EPR steering is substantial. After a time given by γ b t = ln 2 2 , steering (as measured by EP R A|B ) in that direction is lost. The loss is inevitable, regardless of how much steering is present in the initial two-mode quantum system, as shown by the results for the different values of squeeze parameter r: We also note that the cut-off time for steering is independent of the amount of steering r in the initial two-mode system. The behavior observed here is analogous to the "entanglement suddendeath", that has been observed for the decoherence of entanglement [76] [77] [78] .
Damping the steered system
However, the sudden-death effect is not apparent when the "steered" system is lossy. We again assume γ a → 0 and evaluate the steering of the damped system, by the undamped system:
The plots of Figure 2 (left graph) reveal the nature of the decoherence when only the steered system is damped. Here, we see that there is much less sensitivity of the steering to the losses. In fact, while the EPR steering is certainly diminished by the dissipation, there is no cutoff, or sudden death, but rather steering is still possible for arbitrary times, t → ∞. We remark that the increased sensitivity to losses affecting the steering system, as compared to the steered system, has been noted in earlier papers [15, 55, 56, 59 ].
Symmetric decoherence
We next consider a reservoir with symmetric damping γ a = γ b .
The results of Figure 2 (right graph) show, as might be expected, the effect is dominated by the fact that the steering system is damped. Here steering (as measured by EP R A|B ) is also lost at γ b t = ln 2
2 .
E. Decoherence of EPR steering with thermal noise
Now we consider the more complex interaction where there is additional thermal noise for each reservoir. Here we use the full expressions given by Eq. (17). Our results in Figures 3 and 4 reveal several features. We note that the loss of steering is rapid and complete ("suddendeath") if the thermal noise is placed on the system that is being steered. This effect has been noticed in previous studies of thermal steering and is especially important for asymmetrical systems such as found in opto-mechanics [21, 31, 34, 35] . The effect is more significant as the thermal noise increases, but is reduced for higher r ( Figure  4 ).
F. Comparing with the decoherence of entanglement
The effects of the reservoir on the steering are asymmetrical. This will not be true for entanglement: Entanglement is symmetrically defined, with respect to the two different systems involved, and the numerical value we assign to the entanglement will be unchanged under Figure 3 . The decoherence of two-mode EPR steering with a thermal reservoir coupled to system B only. Here γa = 0, r = 1. We plot the steering signature versus t = γ b t. The thermal noise creates a sudden-death type decoherence effect when it is the system that is "being steered" that is coupled to the reservoir. Solid lines correspond to EP R A|B while dashed lines correspond to EP R B|A . EPR-steering is obtained when EP R < 1 and the strongest steering is for EP R → 0. We plot different values of n b : from bottom to top (for each line type), n b = 1 (blue), n b = 5 (red), n b = 10 (black). the exchange A ←→ B. The relationships between entanglement and EPR steering for Gaussian states have been recently studied [79, 80] . For Gaussian states, it is possible to give a quantification of steering [3, 4, 79, 80] , which is an asymmetrical quantum correlation, similar to quantum discord [81] [82] [83] . We may evaluate the entanglement via the parameter Ent = ∆(X A − gX B )∆(P A + gP B )/{1 + g 2 } [84, 85] . The inequality Ent < 1 is a necessary and sufficient condition for entanglement of two-mode Gaussian systems for the case we examine here where ∆ (X A − gX B ) = Here we take all thermal noise zero (na = n b = 0). Solid curves show the symmetric case γa = γ b . Dashed-dotted curves are for the asymmetric case, for a reservoir coupling to system B only (γa = 0) when t = γ b t; or, for a reservoir coupling to system A only (γ b = 0) when t = γat. We plot different values of r, given from bottom to top (for each line type): r = 2 (black), r = 1 (red), r = 0.5 (blue). Right graph: Here we study thermal reservoirs. Solid curves show the symmetric case na = n b and γa = γ b . Dashed-dotted curves are for the asymmetric case, for a reservoir coupling to system B only (γa = 0) when t = γ b t. We plot different values of thermal noise, given from bottom to top (for each line type) n b = 1 (blue), n b = 5 (red), n b = 10 (black).
∆ (P A + gP B ). The condition for optimally chosen g has been shown equivalent to the Peres-Simon condition in that case [79] . Thus, in this section, we consider the entanglement parameter
First we find the value of g that minimizes the parameter Ent. We evaluate ∂Ent ∂g , in this case we know that ∆ (X A − gX B ) = ∆ (P A + gP B ) hence:
Hence the value of g that minimizes Ent is [79] :
We note that if
, then the value of g that minimises the expression is g = 1, but where we have asymmetric reservoir effects, like different reservoir couplings or thermal noises, the optimal value will be different to 1. Here we will use from Section II.A that: Figure 5 plots the entanglement Ent for various reservoir couplings. We see from Figure 5 (left graph) that where there is no thermal noise, the entanglement decays steadily, but is never destroyed completely. This effect was noted in [86, 87] . The larger values of r correspond to larger amounts of entanglement for the initial state before decoherence, and we note that while the decay is sharper for higher r, a larger initial amount of EPR entanglement will ensure larger EPR entanglement for all later times. The Figure 5 (right graph) shows that when the reservoirs are thermally excited, the entanglement is totally destroyed (in sudden-death fashion) after a finite time. This time is shortened, by increasing the amount of thermal excitation of the reservoir (on either system).
III. DECOHERENCE OF THE STEERABILITY OF A S-CAT STATE
Traditionally, most studies of decoherence have centred around the Schrodinger cat [45] [46] [47] [48] [49] . We noticed in the study of the decoherence of steering for the twomode squeezed state that for stronger EPR effects, the decay was brought about more sharply, to give overall decoherence times of a similar order (Figure 2 ). This is consistent with the overall intuition about decoherence in quantum mechanics, that it acts to destroy the more extreme (larger) effects more quickly so that they are not observed in nature. This has been studied for the Schrodinger cat example, where one considers a system initially prepared in superposition of two states macroscopically distinguishable e.g. in phase space [43] [44] [45] [46] [47] [48] [49] . The coupling to a reservoir induces a decay of the superposition. Where the separation in phase space increases, calculation and experiments show that the decay rate will increase. Thus, there is an explanation of the transition from microscopic to macroscopic quantum mechanics. Here, motivated by this, we examine the decoherence of the EPR steering of a Schrodinger cat state.
A. Steering signature for a Schrodinger cat
Consider the state: Conditional probability for XA given that the result of a measurement σz is +1 (red solid curve is for α = 2, green dashdotted curve is for α = 3) or −1 (blue long dashed curve is for α = 2, black short dashed curve is for α = 3). Right Graph: Conditional probability for PA given that the result of the measurement σx is +1 (red solid curve) or −1 (blue long dashed curve). Here α = 2.
which is the entangled Schrodinger cat state. We select θ = π/2 and α to be real. Here, |α is the coherent state for mode a of system A and | ↑ , | ↓ are the eigenstates of the Pauli spin σ z of system B. This state is similar to that described in Schrodinger's original gedanken experiment [39] , where a microscopic system becomes entangled with a macroscopic one, the "cat". The spin-mode entangled state given by Eq. (25) has been the subject of several experiments [43] . We first explain how one can signify the Schrodinger cat, using EPR steering. We will derive the probability distributions P (X A ) (or P (P A )) for the system A, given that a measurement of the Pauli spin σ z (or σ x ) at B has been carried out to give a result +1 or −1. We define the scaled amplitudes for position and momentum by a = 1 c (x + ip) where a is the boson operator, and note that for real position and momentum, c = √ 2. In terms of the quadrature phase amplitudes X A/B and P A/B defined in Section II, however, we chose the scaling c = 2. We will distinguish the two cases by using lower and upper case, respectively, and note we have dropped the use of the operator hats where the meaning is clear, or to denote the outcomes of the measurements. As expected from direct examination of the state (25), the distributions P (x +1) and P (x −1) for the result x at A given the outcomes +1 or −1 for σ z at B, are the two Gaussian hills (Figure 6 , left graph): Specifically,
Next, we derive the conditional distributions for P (P A ) given that a measurement of Pauli spin σ x at B yields the result +1 or −1. To evaluate this, we rewrite the state in terms of the basis states | ↑ x and | ↓ x for the Figure 7 . The steering of a Schrodinger cat. We have proposed a signature for the cat, based on EPR steering parameter EP R A|B . Here, measurements made on the microscopic spin system B "steer" the macroscopic system (the cat) A. The "cat" in this case is modelled as the superposition involving two coherent states, |α and | − α . The value of α determines the size of the Schrodinger cat. We consider that the "cat" being macroscopic is coupled to a thermal reservoir. We examine the decay of the steering signature, with respect to the parameters of the reservoir coupling.
At this point, we note the for other choices of θ, normalisation factors are more complicated. We find that the probability for the momentum given the results for spin σ x is
This allows us to calculate the conditional variances that give us a signature for EP R steering. An EPR steering of the "cat" is observed when
where here
denotes the conditional variance for X A averaged over the outcomes of σ z . We have used the notation V ar(X A ±1)
to mean the variance of P (X A ±1), which is the probability distribution for X A given the outcome ±1 for the measurement σ z , respectively. The V ar (P A |σ x ) is defined similarly, but for outcomes of σ x . The right-side bound is the quantum noise limit, as determined by the Heisenberg uncertainty relation which in this case for the choice c = 2 is ∆X B ∆P B ≥ 1. We note that the derivation of the inequality as a signature of EPR steering has been given in the Refs. [5, 15, 16] . The EPR quantity (29) can be evaluated: We see that for the two Gaussian hills, the variance is at the quantum noise level ( Figure 6 , left graph): V ar(X A σ z ) = 1. On the other hand, the variance associated with the momentum distributions is reduced below 1 ( Figure 6 , right graph), implying that EP R A|B < 1. We can calculate the variance from the conditional distributions. Alternatively, noting that the collapsed state for system B given a measurement σ x is the superposition
, it is easy to use the methods and results of the next section, to find that
The steering inequality (29) has been suggested in Ref. [54] , as a way to realise an EPR paradox with the Schrodinger cat state. The steering cannot be obtained if the system is in the mixture of states, | − α A | ↑ B and |α A | ↓ B , that allows a classical dead or alive description. This case is especially interesting, because it focuses on the steering of a mesoscopic system (the Schrodinger cat) [34] . If we assume Local Realism is valid, then it is the local state of the mesoscopic system that is shown to be inconsistent with the quantum mechanics (refer to the LHS model of the Section II.B). This contrasts with EPR's original argument, which showed the inconsistency for a microscopic system [7] .
B. Decoherence of the Schrodinger cat with a heat bath
It will prove useful to next study the interaction of the single mode "Schrodinger cat" state [45] [46] [47] [48] 
with a reservoir. This was analysed by many authors, including Yurke and Stoler [45] [46] [47] [48] [49] . We consider that the single mode, prepared in the Schrodinger cat state, is then coupled to a thermal heat bath with dissipation. Using the solutions from Section II.C, we can calculate the moments at a later time t, in terms of the initial moments:
a(t)a(t) = e −2γt a(0)a(0)
Denoting the variances using shorthand notation, by ∆ 2 P = (∆P ) 2 and ∆ 2 X = (∆X) 2 , we find 1.5 Figure 8 . The decoherence of the Schrodinger cat EPRsteering signature EP R for the system depicted in Fig. 7 .
Here, a thermal reservoir is coupled to the spin system B. We plot the steering signature versus t = γt. Here we consider different sizes of the "cat" (solid line lower to top, α = 0.5, 1 and 1.5). For each α, we plot different values of n: n = 0 (solid), n = 1 (dashed-dotted).
We see that the variance for P can be reduced below the quantum limit (given by 1). The reduction of the variance of P below the quantum limit is in itself a signature for the "cat" state. We see this as follows. If we take α large, and assume no thermal noise and γ = 0, then the probability distribution P (x) associated with each of the "dead" and "alive" states is a Gaussian hill, with variance 1. If the system were to actually be in any kind of mixture of these quantum states, then the variance for P could not drop below 1 because of the uncertainty relation (and the fact that mixing states cannot decrease the variance) [54, 88] . The observation of a reduced variance for P can thus occur for a superposition but not for a mixture of the two quantum states that possess a distribution P (x) given by the Gaussian hills. The details are not studied further here however, since our objective is to study the decoherence of steering.
C. Decoherence of the steering of the Schrodinger cat
Motivated by this, we now examine the decoherence of the EPR steering of a Schrodinger cat state, as given by the signature Eq. (29) . We consider the two-mode case where A is a harmonic oscillator coupled to a heat bath from time t = 0 and the second system is the spin B (no heat bath coupling), as depicted in Figure 7 . The system is prepared in the entangled Schrodinger cat state
We can rewrite this state in terms of the basis states | ↑ x and | ↓ x for the spin σ x as shown in Section III.A. It is straightforward to calculate the moments aσ z , a 2 σ z , etc. at the time t = 0. The moments at a later time t (after the interaction with the heat bath has been turned on) can be evaluated using the solution (12) of Section II.C. We note that since the reservoir interaction does not involve the spins, we have σ z (t) = σ z (0), σ x (t) = σ x (0). Therefore, we can calculate the moments at the time t, in terms of the moments at the initial time t = 0.
We next consider the moments of the distributions at the time t for X A and P A , conditional on getting the result either +1 or −1 for the Pauli spin measurement on B. These moments can be readily calculated. We outline the method. We use the notation, for example, X A 1 z to denote the moment X A of system A, conditioned on the result +1 for spin σ z at B. Let us suppose then that we obtain the outcomes X A at A, and σ z at B. We define the measurable probability P (X A , σ z ) for the joint outcomes. We see that:
Following this procedure, we see that:
and similarly for the moments involving X 2 A . This allows us to solve for the conditional moments using the relations such as X A 1 z = X A σ z + X A and X A −1 z = − X A σ z + X A . We also define the same relations, but replacing X A with P A and σ z with σ x . The final solutions for the conditional moments are:
2 and P
2
A ±1 x = 1 + 2n 1 − e −2γt . Hence we solve for the average variance V ar(X A σ z ) of X conditioned on the measurement of spin σ z at B: We obtain
Similarly, we can solve for variance V ar(P A σ x ) of P A conditioned on spin σ x at B, to obtain
To show how the EPR steering signature decoheres with time, we evaluate EP R = V ar(X A σ z )V ar(P A σ x )
Here, we use the notation defined in Section III.A.
We find that with n = 0 (no thermal noise), the value of EP R is identical to that of V ar(P A σ x ), which is also identical to the variance ∆ 2 P given by Eq. (32) . This value is plotted in Figure 8 (solid lines). By the above argument, the signature of the S-cat is the drop below 1 of EP R. We note that as α increases, the EP R value tends to 1, the signature therefore becoming more sensitive to decoherence. This reduction in variance of P as α increases is directly associated with the interference fringes in the distribution P (P A ) [45] [46] [47] [48] . These fringes become finer as α increases, as evident from the function given by Eq. (28) . With thermal noise, we see that the value of EP R increases: a much greater sensitivity to decoherence is apparent, as illustrated in Figure 8 by the dashed-dotted curves.
IV. CONCLUSION
The directional properties of EPR steering are significant when it comes to understanding the decoherence of EPR-steering. We have shown how when two systems are coupled independently to a reservoir, the steering is asymmetrically affected. If we consider the steering of a system A by measurements made on the system B, then the steering is sensitive to the reservoir coupling to system B. This is intuitively not surprising, given the Local Hidden State (LHS) definition of EPR steering as a nonlocality. In terms of the LHS description that is to be negated in order to confirm such steering by B [3, 4] , it is the hidden states of system B that are like those considered by Bell. The sensitivity of the steering to the losses on the system B has been studied experimentally, in the context of the EPR paradox [54, 86, 87] . There, it was known that the EPR criterion could not be achieved, with 50% or more losses on the steering system A. Recent work considers this result in terms of the monogamy properties of EPR steering [59] . The sensitivity of the steering signatures to losses (which may represent an eavesdropper on the channel) has potentially important implications for quantum cryptography [64, 68] .
The behaviour with respect to the thermal noise appears almost reversed. This has implications for detecting steering of Schrodinger cats which are coupled to hot reservoirs. For the Schrodinger cat example, we explained how the steering acts as a signature of the Schrodinger cat. Adding thermal noise to the system B significantly affects the amount of EPR steering of system A. There have been recent theoretical studies of the steering of a mechanical oscillator, which we liken to a "cat", by measurements made on an optical pulse [34, 35] . In those studies, the thermal noise of the oscillator was shown to have a quite dramatic effect on the amount of steering possible. By comparison, the entanglement between the thermal oscillator and the pulse was quite robust. Similar results have been obtained for Bose Ein-stein condensates [31] . These results are consistent with the simple descriptions of decoherence given in this paper.
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